In this paper we consider the fixed finite-order digital linear-quadratic control of Pritchard-Salamon infinite-dimensional systems with unbounded input and output operators under gaussian disturbances. A set of necessary conditions is given in terms of the solvability of a discrete-time Hyland-Bernstein system of equations (two modified Riccati equations and two modified Lyapunov equations coupled by an projection operator).
Introduction
In [10, 11] Pritchard & Salamon introduced a class of infinite-dimensional systems that allow certain unboundedness in control and observation. Common examples of such systems are linear systems described by PDEs with point and/or boundary control and observation [8] , and retarded systems with delays in control and observation [10] . This class has been extensively studied, since it is rich enough to permit one to solve the linear-quadratic (LQ) and H°° control problems [11, 12] . For an overview of the basic results concerning perturbation theory, exponentially stability, and transfer functions of Pritchard-Salamon systems, the reader is referred to the recently announced paper [9] .
One of the main assumptions of the so-called direct approach to designing a reduced-order controller is to consider it as having a fixed specified structure and a given fixed order. Thus, the controller parameters are determined by solving a certain optimization problem. Bernstein & Hyland [6] showed that the set of firstorder necessary conditions for the quadratically optimal continuous-time fixedfinite-order dynamic compensation of infinite-dimensional systems with bounded input and output operators can be transformed into a system of four coupled matrix equations-two modified Riccati equations and two modified Lyapunov equations-coupled by an oblique projection operator which arises naturally from the optimality constraints on the design process. We shall call such a system a Hyland-Bernstein system of equations. The foundations for the continuous-time setting have been developed by Bernstein et al. [5] in the discrete-time case when the plant was assumed to be finite-dimensional. An extension of those results for the case of discrete-time systems with multiplicative white noise can be found [7] . Recently, a complete generalization of the results in [5, 7] has been obtained by Barb & De Koning [4] for infinite-dimensional discrete-time time-varying systems.
The digital LQ control problem for Pritchard-Salamon systems has been addressed and solved in [3] . This paper is a natural continuation of the work in [3, 4] . We are concerned with the case when the continuous-time state and the discrete values of the sampled measurement output are corrupted by white gaussian noises. Our goal is to design a discrete-time controller of a specified order, interconnected with the continuous-time plant via a synchronized sampler and zeroth-order holder, such that the effect of the disturbance input on the regulated output, evaluated via the 'classical' LQ gaussian (LQG) function, is minimized over the class of stabilizing compensators. The piecewise constant control is generated from the discrete values of the measured output. The main result of this paper is a set of necessary solvability conditions expressed in terms of a Hyland-Bernstein system of equations. 3. Let B e fi(W, V) and C e £(W, y) be admissible input and output operators for #(.). The system .£($(.), 5, C, £>) given by
where XQ € V, t ^ 0 and u(.) e L 2 (0,<;i/) is called a Pritchard-Salamon system.
Following [9] , we assume without loss of generality that the Pritchard-Salamon system is smooth, i.e. there is a continuous dense injection from the domain of A v into W: 
| = #(/)xb + £ *(/ -T)(B,«,(r)
and the discrete-time measurement output equation
In our set-up, x(t) is the state, ui(t) € U\ is the disturbance input assumed to be white gaussian noise [1] , u 2 (t) e R m is the control input, y>i(t) e ^i the regulated output, and y 2 fi S R p the sampled measured output corrupted by a white gaussian noise M 3^t € ^• p -We assume that the initial state x 0 € W is a random variable independent of the noise uj.
Let now R" x " be the controller state space, and suppose that we have a controller
S(K,L,M) of the form

+
where £ e R"
x " is the controller state, TJ e R p is the controller input and ^ e R m is the controller output. We want to interconnect the system and the discrete-time controller via A/D and D/A devices, and to perform a digital control. For this we define the sample and zeroth-order hold operators with period T as S: C(0,oo;;iO->.*",
where <S,(0,oo;X) stands for the space of .^-valued piecewise continuous functions bounded on compact subsets of [0,oo), and X* is the space of X-valued sequences defined on the set of integers. We assume that the hold operator is synchronized in time with the sampling operator. Clearly, we want to make sense of the following feedback interconnection:
Our goal is to design a controller E K = E(K, L, M) meeting the following specifications.
• Optimality: The influence of the disturbance input u\ on the regulated output y x is minimized in the sense that the LQG cost function
is minimized over the set of stabilizing controllers E K .
• Stability. The linear system from u x to y x defines an exponentially stable evolution. In order to guarantee that (2.1) is independent of the internal realization of the controller, we shall focus on the following class of controllers
The equivalent discrete-time control problem
In this section we give the main results on lifting a continuous-time periodic system to a discrete-time time invariant one. Our basic references are [2, 13] . Let us focus on state-space formulae for lifted systems. Consider the continuous-time system ), B, C, D) on a real separable Hilbert space X given by
(x(t) = Ax(t) + Bu(t), ' \(t) C(t) + D(t)
where <P(.) is a strongly continuous semigroup generated by A. Let U and y be the real separable Hilbert spaces of the inputs and outputs respectively. The state equation can be re-written as We consider the sampling process as being aflFected by a discrete-time white gaussian noise u 3 which in turn implies that y t defines a power-stable evolution. Hence, if S K = E{K, L, M) stabilizes the continuous-time system (i.e. the linear system from u\ to y x defines an exponentially stable evolution), then it achieves power stability for the lifted system (i.e. the linear system from u x to y x defines a power-stable evolution). The converse is also true, since the lifting operator is a linear isometrical application of spaces (see [2] ). As for optimality, it is obvious (from a simple inspection of equation (3.6) 
is also minimized, and the proof is complete.
•
The Hyland-Bemstein control result for infinite-dimensional discrete-time systems
In this section, we give the main Hyland-Bernstein type of result on fixed finite-order control of infinite-dimensional discrete-time systems. We apply it to the lifted Pritchard-Salamon system, obtaining in this way a solution to (3.5) and hence a solution to the digital LQG control of systems in the Pritchard-Salamon class. Our starting point is the following € 2 -optimal control problem, which has been completely solved for the general case of time-varying discrete-time systems in [4] . Let (#, .Ti, r 2 , Q, C 2 , D l2 , Dn) denote the linear discrete-time infinite-dimensional system 1,2) . The closed-loop system is called internally stable if # is power-stable on X. Since our approach is a stochastic one, we shall consider that w is a gaussian zero-mean white noise signal. We consider the initial state to be a random variable which is independent of the noise. Then we can interpret FiF\, D 21 D 2U C\C\, and D\ 2 D X2 as being the intensity of the process noise, measurement noise, and state and control weighting operators respectively. We assign to the system the cost function
E£>,). (4.1)
The control problem we address is the following. Given the linear discrete-time evolution system ($,r i ,F 2 ,C u C 2t Di 2 ,D 2l ) > find an w-dimensional time-varying discrete-time compensator (F, K, L) such that:
• the linear discrete-time evolution system from w to z is internally stable
is minimized over all internally stabilizing (F,K,L).
Controllers belonging to the admissible class
guarantee that the cost function is finite, independent of the initial conditions, and independent of the internal realization of the controller. Define the controllability and observability gramians of the closed-loop system as the unique positive semidefinite solutions to the Lyapunov equations + fr*, (4.3,4.4) and partition them as^ LCI2 Qi\ LEMMA 2 Let Q and P = be two bounded operators on the real separable Hilbert space X having finite rank and which are nonnegative definite. Then QP is nonnegative semisimple. Furthermore, if rank QP = n, then there exist G and A bounded from X to R" and an positive semi-simple n x n matrix M such that
We shall call this the (G, M, A) factorization ofQP. (4.13) where r x = I* -r, g = TQT*, and / = r*Pr.
Proof. For a proof of Theorem 2, the reader is referred to [4] .
• The solution to the digital LQG control of Pritchard-Salamon systems can be obtained by the following procedure.
Algorithm
Step 1. Construct the equivalent discrete-time LQG control problem for the lifted Pritchard-Salamon system as in Theorem 1.
Step 2. Check for nuclearity of F x r\ and C\C X .
Step 3. Calculate the controllability and observability gramians of the closed-loop system and check for the invertibility of D 2X D\ X + C 2 QC\ and D\ 2 D X2 + r\PF 2 .
Step 4. If the checks for nuclearity and invertibility in Steps 2 and 3 are positive, then construct the ^-dimensional compensator as provided by Theorem 2; otherwise stop.
Conclusions
In this paper, we have set out a Hyland-Bernstein approach to the fixed finite-order digital control of Pritchard-Salamon infinite-dimensional systems with unbounded input and output operators. The solutions implies the Solvability of a discrete-time Hyland-Bernstein system of equations (two modified Riccati equations coupled with two modified Lyapunov equations via an oblique projection operator). The natural continuation of this work is the task of implementation.
